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There has been considerable recent interest in matterwave interferometry with bright solitons in
quantum gases with attractive interactions, for applications such as rotation sensing. We model
the quantum dynamics of these systems and find that the attractive interactions required for the
presence of bright solitons causes quantum phase-diffusion, which severely impairs the sensitivity.
We propose a scheme that partially restores the sensitivity, but find that in the case of rotation
sensing, it is still better to work in a regime with minimal interactions if possible.
I. INTRODUCTION
Rotation sensors based on matterwave interferometers
have the potential to provide state of the art sensing
capabilities [1, 2]. The current pursuits towards ful-
filling this potential can be divided into two main ap-
proaches: Free-space atom interferometers, which oper-
ate in free-fall and use optical transitions between mo-
mentum modes to achieve spatial path separation [3–8],
or guided configurations which involves the propagation
of atoms along some guiding potential to achieve spa-
tial path separation, analogous to an optical fibre [9–17].
While both approaches have their advantages, one at-
traction towards guided configurations is the potential
for a very large enclosed area [12], and therefore higher
per-particle sensitivity. However, guided matterwave in-
terferometery often requires working in a regime where
atom-atom interactions are important, leading to compli-
cations in the matterwave dynamics [11, 13, 16, 18]. One
approach to minimize these effects is to work with atomic
gases with attractive interaction in the soliton regime
[19–33]. In fact, it has recently been shown that soliton
interferometry can provide higher fringe contrast than
non-interacting gases [22, 24, 26, 27, 31–33], although
studies that include quantum noise have cast doubt on
this increased fringe contrast [26, 31]. In this work, we
use the Quantum Fisher Information (QFI) to confirm
this suspicion and show that this increased fringe contrast
is an artefact of the mean-field model, and that to quan-
titatively evaluate the sensitivity of bright soliton mat-
terwave interferometry schemes, it is crucial to include
the effects of quantum noise. We consider the example
of a matterwave gyroscope in a ring-trap, and show that
in the case of a non-interacting gas the sensitivity is inde-
pendent of the shape of the wave-packet. When adding
an attractive nonlinearity required for bright solitons, we
find that the quantum noise severely degrades the sensi-
tivity. Finally, we find that for intermediate interaction
strengths, a modification to the scheme to include the
addition of a state-preparation step can partially recover
the sensitivity, but argue that it is usually better to min-
imise the interactions if possible, rather than working in
the soliton regime.
∗ simon.a.haine@gmail.com
II. FISHER INFORMATION BOUNDS FOR
FRINGE CONTRAST
The Quantum Fisher Information (QFI) describes how
much information about a particular parameter is con-
tained in a quantum state, and through the Quantum
Cramer-Rao bound (QCRB), provides strict bounds on
how precisely that parameter can be estimated through
measurements performed on that state [34]. More pre-
cisely, the QCRB states that by making M measure-
ments on identically prepared systems, the error in es-
timates of a particular parameter Ω is bounded by
∆Ω ≥ 1/√MFQ. Consider the situation described in
[26, 27, 31, 33], where a relative phase shift φ is applied
to matterwave wave-packets of equal population before
they collide on a narrow barrier, resulting in 50% trans-
mission and 50% reflection. If we consider the full N -
particle quantum state |Ψ〉, then the state at some later
time t can in general be described by |Ψ(t)〉 = Uˆ |Ψφ〉,
where |Ψφ〉 is the state immediately after the applica-
tion of the phase shift, Uˆ = exp(−iHˆt/~) and Hˆ is the
full N -particle Hamiltonian which describes the kinetic
energy, potential energy, and arbitrary inter-particle in-
teractions. The QFI of the final state is
FQ[|Ψ(t)〉] = 4
[〈∂φΨ(t)|∂φΨ(t)〉 − |〈Ψ(t)|∂φΨ(t)〉|2]
= 4
[
〈∂φΨφ|Uˆ†Uˆ |∂φΨφ〉 − |〈Ψφ|Uˆ†Uˆ |∂φΨφ〉|2
]
= 4
[〈∂φΨφ|∂φΨφ〉 − |〈Ψφ|∂φΨφ〉|2]
= FQ[|Ψφ〉] (1)
where we have used the fact that Uˆ is independent of φ,
and Uˆ†Uˆ = 1. That is, FQ is unchanged by the sub-
sequent evolution. If the many particle quantum state
is initially separable, ie, |Ψφ〉 = (aˆ†ψ)N/
√
N !|0〉 where
aˆψ =
∫
Ψ∗(x)ψˆ(x)dx, where ψˆ(x) is the usual bosonic an-
nihilation operator and Ψ(x) is the single-particle wave-
function, then it can be shown that FQ = NFQ [16, 35],
where
FQ = 4
[∫
∂φΨ
∗∂φΨdx−
∣∣∣∣∫ Ψ∗∂φΨdx∣∣∣∣2
]
(2)
is the single-particle QFI. If Ψ(x, 0) = 1√
2
(ΨL + e
iφΨR),
where ΨL and ΨR are orthonormal wave-packets repre-
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2FIG. 1. GPE simulation of two wave-packets interfering after scattering off a narrow barrier repulsive barrier V (x) =
V0 exp(−x2/w2)/(w√pi). In each case, the initial state was chose as Ψ(x, 0) = 1√2 (ΨLeikx + eiφΨRe−ikx). For case 1, we
have used a noninteracting system (g0 = 0), and a Gaussian wavepacket: ΨL(R) = B exp(−(x − (+)x0)2/σ2), and for case 2
we have used attractive interactions g0 < 0 and a solitonic initial wavepacket: ΨL(R) = B cosh(
√
2µ/~2(x− (+)x0)), where in
both cases B is the appropriate normalisation factor. (a): Probability density of case 1; (b): probability density of case 2; (c):
Dashed (solid) line PL − PR vs. φ for case 1(2); (d): Red dashed (solid) line: FQ for case 1(2); Green dashed (solid) line: FC
for case 1(2); Blue dashed (solid) line: F xC =
∫
(∂φ|Ψ|2)2/|Ψ|2dx, the CFI for full density resolving measurements for case 1(2).
Parameters: σ = 0.5, k = 10, w = 10−2, V0 = 5.65. The barrier height V0 was chosen to give 50% reflection for this value of k.
We are working in units where ~ = m = 1.
senting the two wave-packets in the initial configuration,
its straight forward to show that FQ = 1.
Meanwhile, after the wave-packets interact with the
barrier, the Classical Fisher Information (CFI) is re-
lated to the probability of detecting a particle on the left
(right) side of the barrier PL(R) by FC = NFC , where
FC =
[
(∂φPL)
2/PL + (∂φPR)
2/PR
]
is the single-particle
CFI. However, when the situation is modelled with the
Gross-Pitaeveskii equation (GPE), where Ψ evolves ac-
cording to i~∂tΨ = (−~
2
2m ∂
2
x + V (x))Ψ + g0N |Ψ|2Ψ, for
attractive interactions g0 < 0 and ΨL(R) set as bright
soliton solutions, it was found in [26, 27, 31, 33] that at
the optimum point (when PL = PR =
1
2 ), (∂φPL(R))
2
can be significantly greater than 1, indicating FC > 1
and therefore a violation of the QCRB: FC ≤ FQ [34].
Furthermore, as we show in figure (1), these simulations
show that the QFI increases with time, which is unphysi-
cal, and therefore these simulations cannot provide mean-
ingful assessments of metrological usefulness. One pos-
sibility for this discrepancy is that the GPE can lead to
dynamics with a positive Lyapunov exponent, and there-
fore caution must be applied when determining it’s ap-
plicability in some cases [36]. Of course, the QFI can ex-
ceed N when there are non-trivial quantum correlations
present. However, the creation of such correlations can-
not be modelled by the GPE, which is why models that
include the quantum noise should be considered when
assessing the metrological usefulness of such devices.
III. MATTERWAVE GYROSCOPE
To demonstrate the role of quantum noise, we consider
the example of a gyroscope based on interference of mat-
terwaves confined in a ring shaped potential, described
in Fig. (2). Two counter-propagating matterwaves tra-
verse the ring in opposite directions and are interfered,
with the goal of estimating the magnitude of a rotational
frequency Ω. We consider a Bose gas consisting of two hy-
perfine components (electronic states |+〉 and |−〉), with
bosonic annihilation operators ψˆ+(r) and ψˆ−(r) respec-
tively, which obey they usual bosonic commutation re-
lations:
[
ψˆi(r), ψˆ
†
j (r
′)
]
= δ(r − r′)δij . An initial state
is created with all the atoms in state |+〉, before im-
plementing an atomic beamsplitter, which performs the
3FIG. 2. (Color Online) (a): Matterwaves formed from a
two-component BEC (clockwise: |+〉, counter-clockwise: |−〉)
propagate around the ring in opposite directions, accumulat-
ing a phase-difference due to the external rotation frequency
Ω. (b): After one complete circuit, the two components are
interfered via a two-photon Raman transition, and the phase
difference is converted into population difference (c).
operation ψˆ± → 1√2 (ψˆ± ∓ ψˆ∓e±2inϑ), where ϑ is the an-
gular coordinate around the ring, coherently transferring
50% of the population to state |−〉 while also shifting the
angular momentum by −2n~. Such a process could be
implemented via a two-photon Raman transition with
Laguerre-Gauss beams as described in [10, 14, 37, 38].
After time T = 2piR2m/~n, the two components have
each traversed the ring and we apply another Raman
coupling pulse to act as a second beamsplitter perform-
ing the transformation ψˆ± → 1√2 (ψˆ± − iψˆ∓e±2inϑ), be-
fore the population in each component is measured and
used to infer the phase difference accrued, and therefore
estimate Ω. As in [10, 11, 16, 32], working in cylindrical
coordinates, {r, ϑ, z}, we assume a trapping potential of
the form V (r) = 12m
[
ω2zz
2 + ω2r(r −R)2
]
where R is the
radius of the torus, ωz and ωr are the axial and radial
trapping frequencies, and m is the mass of the particles.
Assuming that the radial and axial confinement is suffi-
ciently tight, we may ignore the dynamics in these direc-
tions. In terms of the coordinate ξ = ϑR, the effective
Hamiltonian for the system is
H =
∑
j=+,−
∫
ψˆ†j (ξ)Hˆ0ψˆj(ξ)dξ
+
∑
i,j=+,−
gij
2
∫
ψˆ†j (ξ)ψˆ
†
i (ξ)ψˆj(ξ)ψˆi(ξ)dξ , (3)
where Hˆ0 =
−~2
2m
∂2
∂ξ2 −ΩLˆz, and Lˆz is the z component of
the angular momentum, and we have assumed that we are
working in a frame rotating around the z-axis at angular
frequency Ω. gij is the two-particle contact potential
interaction strength between state |i〉 and |j〉 atoms. For
convenience, we assume that g++ = g−− ≡ g0 ≤ 0, and
g+− = 0. The choice of g+− has very little effect on the
results as for most of the duration the two components
are not spatially overlapping [39].
A. Noninteracting Case
We begin by examining the simple case where g0 = 0,
as we can obtain an analytic result with which to bench-
mark the behaviour in the soliton regime. Working in the
Heisenberg picture, and expanding our field operators in
angular momentum basis ψˆ±(ξ) = 1√2pi
∑
q bˆ
±
q e
iqξ/R, the
operators at some time tf after the interferometer se-
quence (beamsplitter/free evolution/beamsplitter) are
bˆ±q (tf ) =
1
2
[
e−iφq (bˆ±q (0)∓ bˆ∓q∓2n(0))
− ie−iφq∓2n(bˆ±q (0)± bˆ∓q∓2n(0))
]
, (4)
where φq = (
~q2
2mR2 − Ωq)tf . If we use the number differ-
ence in each component Nˆd ≡ Nˆ+ − Nˆ− as our signal,
where Nˆ± =
∫ piR
−piR ψˆ
†
±ψˆ±dξ then the rotation sensitivity
is given by
∆Ω =
√
Var(Nˆd)
(∂Ω〈Nˆd〉)2
. (5)
At tf = T , φq+2n − φq = 4mpiR2Ω~ ≡ φΩ, where we have
subtracted the constant 4pi(q+n) as integer multiples of
2pi are inconsequential. Importantly, φΩ is independent
of q, which allows us to greatly simplify Nˆd. Assuming
〈Nˆ−(0)〉 = 0, we obtain Var(Nˆd) = sin2 φΩVar(Nˆ+(0)) +
cos2 φΩ〈Nˆ+(0)〉, and 〈Nˆd〉 = sinφΩ〈Nˆ+(0)〉. At the
most sensitive point φΩ = 0, this simplifies to ∆Ω =
~
4piR2m
1√
Nt
≡ ∆ΩS , where Nt = 〈Nˆ+(0)〉 is the total
number of atoms. We take ∆ΩS as our benchmark sensi-
tivity for the device. Importantly, the initial momentum
distribution is irrelevant to the sensitivity, indicating that
this sensitivity can be obtained regardless of the shape
of the initial wave-packet.
B. Soliton Regime
To model the behaviour of our system in the soli-
ton regime we choose the initial state |Ψ(0)〉 =
D(aˆ+)D(aˆ−)|0〉, where D(aˆ±) = exp(αaˆ†± − α∗aˆ±)
is the Glauber coherent displacement operator, α =√
Ns, where Ns = Nt/2 is the mean number of
atoms in each mode, aˆ± =
∫
Ψ∗±ψˆ±dξ, and Ψ±(ξ) =
B sech(
√
2m|µ|/~2ξ)e±ik0ξ, where k0 = n/R, and B is
a normalisation constant such that
∫ piR
−piR |Ψ±|2dξ = 1.
The chemical potential µ is related to the number Ns
by µ = −N2s g20m/8~2. We note that as we have started
with our atoms already split between the two compo-
nents, we forgo the first beamsplitter, allowing us to eas-
ily prepare the wave-packets with the correct shape for
their occupation numbers. It was previously shown that
the dynamics of such systems is reasonably insensitive
to the total population statistics, but is sensitive to the
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FIG. 3. (Color Online) Rotation sensitivity as a function of g0 (g0 is expressed in units of ~2/(mR)). Red squares: Multi-mode
TW (MMTW) model. Red dashed line: Analytic two-mode (TM) model. Green diamonds: multi-mode single-component
(MMSC), Blue solid line: (Blue stars): Two-mode (multi-mode) TW model of pre-twisting scheme using θ = θχ (TMT, θ = θχ
and MMT, θ = θχ, respectively). Black circles (plus symbols): Multi-mode (two-mode) TW model of pre-twisting scheme with
a numerically optimised θ = θopt for each point (TMT, θ = θopt and MMT, θ = θopt, respectively). The upper black dotted line
indicates ∆ΩS , and the lower black dotted line indicates
1
2
∆ΩS , which is the standard sensitivity for matterwaves traversing
two revolutions of the ring. Parameters: Nt = 10
4 and k0 = 80/R for all simulations, which corresponds to a maximum
interaction parameter of χT = 7.6× 10−3.
statistics of the population difference [40]. We chose a
two-mode Glauber coherent state for our initial state as it
reflects the number difference statistics that are obtained
from coherent splitting of an ensembles of atoms. Alter-
natively, we could have used a coherent spin state [41],
which also has this property but for a well-defined total
number of atoms. However a Glauber coherent state is
much less computationally demanding for the numerical
technique employed in this work.
We simulate the dynamics of the system by using a
stochastic phase space technique known as the Trun-
cated Wigner (TW) method, which has previously been
used to model the dynamics of quantum gasses [42–
45], and unlike the GPE, can be used to model non-
classical particle correlations [46–48]. The derivation
of the TW method has been described in detail else-
where [42, 49, 50]. Briefly, the equation of motion for
the Wigner function of the system can be found from
the von-Neumann equation by using correspondences be-
tween differential operators on the Wigner function and
the original quantum operators [51]. By truncating third-
and higher-order derivatives (the Truncated Wigner Ap-
proximation), a Fokker-Planck equation (FPE) is ob-
tained. The FPE is then mapped to a set of stochastic
partial differential equations for complex fields ψj(ξ, t),
which loosely correspond to the original field operators
ψˆj(ξ, t), with initial conditions stochastically sampled
from the appropriate Wigner distribution [50, 52]. The
complex fields obey the partial differential equation
i~ψ˙j =
[
Hˆ0 + g0(|ψj |2 − 1
∆
)
]
ψj , (6)
where ∆ is the element that characterises the discretisa-
tion of the spatial grid ξ. By averaging over many trajec-
tories with stochastically sampled initial conditions, ex-
pectation values of quantities corresponding to symmet-
rically ordered operators in the full quantum theory can
be obtained via the correspondence 〈{f(ψˆ†j , ψˆj}sym〉 =
f [ψ∗j , ψj ], where ‘sym’ denotes symmetric ordering and
the overline denotes the mean over many stochastic tra-
jectories. The initial conditions for the simulations are
chosen as ψ±(ξ, 0) =
√
NsΨ±(ξ) + η±(ξ), where η±(ξ)
are complex Gaussian noises satisfying η∗m(ξi)ηn(ξj) =
1
2δm,nδi,j/∆, for spatial grid points ξi and ξj . Equations
(6) was solved numerically on a spatial grid with 512
points.
At t = T the wave-packets have completed one cir-
cuit of the ring and a beam-splitter implemented via the
transformation ψ± → 1√2 (ψ± − iψ∓e±2ik0ξ), before the
expectation value and variance of the total number of
particles in each component is calculated. We calculate
5∂Ω〈Nˆd〉 by using finite difference and simulating small
variations of Ω around Ω = 0. Fig. (3) (red squares)
shows the rotation sensitivity as a function of the interac-
tion strength g0. We see that as |g0| increases, the sensi-
tivity is rapidly degraded. We also analysed a single com-
ponent system where the beam-splitting was performed
by quantum reflection/transmission from a narrow bar-
rier as in [32]. Fig. (3) (green diamonds) shows similar be-
haviour to the two-component system. For comparison,
we have also modelled a noninteracting gas, for a variety
of initial wave-packet with the same quantum statistics.
For the two-component case, the sensitivity was equal to
∆ΩS in all cases. For the single component system, the
sensitivity was also well approximated by ∆ΩS as long
as the final state was still well approximated by two, well
separated wave-packets. For gaussian wave-packets, this
is achieved when σξk0 & 1 and σξ . piR, where σξ is the
initial width of the wave-packet. Outside this regime, the
sensitivity decreased when the final width of the wave-
packets was of the order of the circumference of the ring,
and could no longer be distinguished from each other.
We note that making a measurement of the systems an-
gular momentum, rather than position, may relax this
constraint further.
IV. TWO-MODE MODEL
The origin of this degradation is the quantum fluc-
tuations in the population difference leading to uncer-
tainty in the energy of each soliton, resulting in phase-
fluctuations before the final beam-splitter. For small fluc-
tuations in particle number N around Ns, the energy of
a single soliton is well approximated by
EN ≈ ENs+∂NsENs(N−Ns)+
1
2
∂2NsENs(N−Ns)2, (7)
where ENs ≈
(
~2k20
2m ∓ Ω~k0R
)
Ns − g
2
0m
24~2N
3
s is obtained
by substituting ψˆ± →
√
NsΨ± into Eq. (3) and making
the approximation that the limits of integration are ±∞.
We can model the effect of the number fluctuations with
an effective two-mode Hamiltonian [13, 40, 47, 53–55]
H = H0 +Hint, with
H0 = E0
∑
j=+−
aˆ†j aˆj − ~ΩRk0
(
aˆ†+aˆ+ − aˆ†−aˆ−
)
, (8)
Hint = ~χ
2
(
aˆ†+aˆ
†
+aˆ+aˆ+ + aˆ
†
−aˆ
†
−aˆ−aˆ−
)
, (9)
where ~χ = ∂2NsENs = −g20mNs/4~2, and E0 =
~2k20
2m +
g20mN
2
s /8~2. The form of E0 is inconsequential as it re-
sults in a phase-shift that is common to both modes.
Moving to an interaction picture where the operators
evolve under H0 and our state evolves under Hint, and
expressing the state in the Fock basis gives
|Ψ(T )〉 = e−|α|2
∞∑
n1=0
∞∑
n2=0
αn1√
n1!
αn2√
n2!
|n1, n2〉e−iΦn1,n2 ,
(10)
where Φn1,n2 =
1
2χT [n1(n1 − 1) + n2(n2 − 1)]. Intro-
ducing the psuedo-spin operators {Jˆx = 12 (aˆ+aˆ†− +
aˆ†+aˆ−), Jˆy =
i
2 (aˆ+aˆ
†
−− aˆ†+aˆ−), Jˆz = 12 (aˆ†+aˆ+− aˆ†−aˆ−)} =
1
2Nˆd, at the final time t = tf , evolution under H0
for a period T followed by the final beamsplitter per-
forms the transformation Jˆz(tf ) = −(cosφΩJˆy(0) +
sinφΩJˆx(0)). At Ω = 0, Eq. (5) becomes ∆Ω =
~
4mpiR2
√
Var(Jˆy)/〈Jˆx〉2. Using Eq. (10), we obtain
Var(Jˆy) =
Nt
4
+
N2t
8
(
1− exp [−2Nt sin2(χT )]) , (11)
〈Jˆx〉 = Nt
2
exp [Nt (−1 + cos(χT ))] . (12)
Fig. (3) (red dashed line) shows that our analytic
model gives excellent agreement with both our single-
component and two-component multi-mode numeric cal-
culations.
V. PRE-TWISTING TO REDUCE THE
EFFECTS OF PHASE DIFFUSION
We can partially restore the sensitivity by implement-
ing a pre-twisting scheme to reverse the effect of Hint.
Fig. (4) shows a quasi-probability distribution formed
from individual trajectories from a 2-mode TW simu-
lation evolving under Hint. Initially, the individual tra-
jectories are spread out in both Jˆz and Jˆy. However,
after a period of evolution, the spread in Jˆz is converted
into a much larger spread in Jˆy, which is the origin of
the degradation. By applying a rotation Uˆθ = e
iθJˆx , the
state is twisted such that a second period of evolution
under Hint approximately revives the initial state. How-
ever, this process breaks down for larger values of χT ,
as can be seen in the lower panels of fig. (4). This is
because for small values of χT , the trajectories roughly
form an ellipse, which when rotated, is similar in shape
to its reflection about the Jˆz axis. However, for larger
values of χT , the trajectories form a bent ellipse, which
when rotated about the Jˆx axis, deviates significantly
from its reflection about the Jˆz axis, and thus the second
period of nonlinear evolution does not revive the initial
state [56, 57]. We note that this process could also have
been achieved by simply reversing the sign of χ for the
second period of evolution. However, this is incompatible
with the use of bright solitons as the require a negative
interaction constant. The rotation angle that performs
the rotation illustrated in fig. (4) is
θχ = − cos−1(−γ), (13)
6FIG. 4. (Color Online) Quasi-probability distribution for the pre-twisting sequence. Left to right: |Ψ0〉, Uˆχ|Ψ0〉, UˆθUˆχ|Ψ0〉,
and UˆχUˆθUˆχ|Ψ0〉, for Uˆχ = exp(−iHintT/~). Top line: χT = −0.03. Bottom line: χT = −0.06. For visual clarity, a reduced
number of atoms (Nt = 100) was used.
with
γ =
(exp(2sNt)− 1)√
(exp(2sNt)− 1)2 + 16s exp (2Nt(cosχT − cos 2χT ))
,
(14)
and s = sin2 χT , and is derived in appendix (VIII).
The sensitivity that this scheme provides is shown in
fig. (3) (blue solid line). There are two factors that influ-
ence the sensitivity. The first is the reduction in quan-
tum noise (Var(Jˆy)) due to this pre-twisting scheme. The
second is that the θ rotation has a non-trivial effect on
d〈Jˆz〉/dΩ due to the interplay between the phase shift
accumulated before and after the twisting, with θ = 0(pi)
leading to perfect addition(cancellation) of this phase.
As such, for small values of χT , θχ is not the optimum
angle, as the reduction in variance is offset by the par-
tial cancellation of phase accumulation. To obtain higher
sensitivities, we optimise θ numerically. The optimum
sensitivity is shown in fig. (3) (black crosses). The opti-
mum actually dips slightly below the standard quantum
limit (SQL) because the final state in this case has re-
duced fluctuations in Var(Jˆy).
We implement the pre-twisiting scheme in our multi-
mode model by replacing the final 50/50 beamsplitter
of the single loop scheme with a variable angle beam
splitter performing the transformation ψ± → ψ± cos θ −
iψ∓ sin θe±2ik0ξ, and then allowing the solitons to per-
form a second circuit of the ring before the final 50/50
beamsplitter is implemented. Again, such a transfor-
mation is easily implemented via a coherent two-photon
Raman transition. However, when assessing the perfor-
mance of this scheme (fig. (3) blue stars), we see that
while there is generally some improvement in sensitiv-
ity when compared to the original scheme, there is a
significant discrepancy between the 2-mode model and
the multi-mode model. In particular, the multi-mode
model predicts significantly worse sensitivity than com-
pared to the two-mode model for intermediate values of
|g0|. For larger values of |g0|, the multi-mode model still
gives about an order of magnitude improvement com-
pared to the original scheme, but this is still worse than
what would be obtained by using a non-interacting gas.
In an attempt to further improve the sensitivity, we nu-
merically optimised θ (fig. (3) black circles). This results
in significant improvement for small values of |g0|. How-
ever, the ‘bump’ for intermediate values of |g0| is still
present. We speculate that the origin of this behaviour
is different regions of the wave-packet experiencing differ-
ent degrees of phase shearing. This is noticible when the
pre-twisting is attempted, as the multiple regions would
require slightly different rotations angles to perfectly re-
vive the state - which is a requirement our pre-twisting
scheme is not capable of. We also attempted to imple-
ment the pre-twisting scheme in the single-component
system by varying the height of the barrier to implement
Uˆθ. However, we found very little improvement compared
to the single-loop scheme. We suspect that this is partly
due to the difficulty in controlling θ and the phase of the
outgoing matterwaves after interaction with the barrier.
VI. DISCUSSION
Our results generally indicate that for the case of ro-
tation sensing with a two-component system, it is bet-
ter to work in a regime with minimal interactions rather
then pursuing the use of bright solitons. If working in
a regime where interactions are unavoidable, then one
should consider using the pre-twisting scheme presented
in this letter. In a single component system, minimis-
ing interactions and ensuring that the wave-packet sat-
isfies the conditions for distinguishable wave-packets, is
favourable to the use of bright solitons. In situations
when these conditions cannot be met, it may be the case
7that bright solitons provide superior performance. As the
sensitivity scales with the enclosed area of the device, it is
beneficial to increase the circumference of the ring. How-
ever, when working in the soliton regime, assuming the
magnitude of the momentum kick is held fixed, the time
taken for the solitons to complete a circuit, and therefore
the amount of phase diffusion, increases with the size of
the ring. This will ultimately limit the obtainable sen-
sitivity. In the linear regime however, the expansion of
the wave-packets scales linearly with time, such that the
conditions for wave-packet distinguishability is approxi-
mately independent of the ring circumference (the frac-
tion of the circumference covered by each wave-packet at
the final time is independent of the circumference), so no
such limitations exist.
As the phase-diffusion mechanism investigated in this
manuscript will also be present in any sensing schemes
involving bright-solitons, the results of this paper suggest
that one should always use models that include quantum
noise rather than relying exclusively on mean-field mod-
els to assess the metrological sensitivity.
However, we do not claim that the use of bright solitons
is entirely without benefit. Wave-packet spreading may
prove problematic if beamsplitters that transfer linear
momentum (rather than angular momentum, as consid-
ered in this paper) are used, as a spatially non-localised
source will experience a radial component to the momen-
tum transfer, causing mode-matching issues. Addition-
ally, it may be possible that some detection systems are
less susceptible to imperfections if the matterwaves re-
main spatially localised. It was observed in the experi-
ment of McDonald et al. [18] that the maximum sensitiv-
ity was achieved when the scattering length was tuned to
create a soliton. The reason for this was likely that the
reduction in dispersion reduced various sources of tech-
nical noise such as imperfections in the trapping poten-
tial. Furthermore, for the interrogation times used, the
two soliton wave-packets remained spatially overlapping
for the duration of the experiment, so the system would
not be subjected to the relative phase shearing noise re-
ported in this manuscript. Additionally, the experiment
was not operating at the SQL so it is unlikely that this
noise source would be observed.
Finally, we note that it has been shown that soliton dy-
namics can create non-classical states [26, 58–61]. How-
ever, it has yet to be shown that these states can be used
for enhanced matterwave interferometry, as they will be
subject to the same phase diffusion which is the subject of
this manuscript, and further modelling of these systems
should be pursued.
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SUPPLEMENTAL MATERIAL: QUANTUM NOISE IN SOLITON MATTER-WAVE INTERFEROMETRY
In this supplemental material we provide further details on the calculations in the main text. Specifically, we derive
the rotation angle required for the pre-twisting scheme.
VIII. DERIVATION OF θχ (EQ (13))
In this appendix, we provide further details on the calculations in the main text. Specifically, we derive the rotation
angle required for the pre-twisting scheme. The angle required for our pre-twisting scheme, θχ, is the angle such that
rotation about the Jx axis returns the variance of Jz to its original value, as illustrated in Fig. 5.
The action of the variable angle beamsplitter Uˆθ = exp(iθχJˆx) on the psuedo-spin operators before (t = T ) and
after (t = t1) the rotation is
Jˆz(t1) = Uˆ
†
θ Jˆz(T )Uˆθ = Jˆz(T ) cos θχ + Jˆy(T ) sin θχ (15)
Jˆy(t1) = Uˆ
†
θ Jˆy(T )Uˆθ = Jˆy(T ) cos θχ − Jˆz(T ) sin θχ . (16)
Therefore, after the rotation, the variance in Jˆz is
V (Jˆz(t1)) = 〈Jˆ2z (t1)〉
= 〈Jˆ2z (T )〉 cos2 θχ + 〈Jˆ2y (T )〉 sin2 θχ
+ cos θχ sin θχ
(
〈Jˆz(T )Jˆy(T )〉+ 〈Jˆy(T )Jˆz(T )〉
)
, (17)
since the state is chosen such that 〈Jˆz(t1)〉 = 〈Jˆz(T )〉 = 0. The evolution under Uˆχ = exp(−iHintT ) commutes with Jˆz,
so 〈Jˆ2z (T )〉 = 〈Jˆ2z (0)〉 = Nt/4. The angle θχ is defined as the angle such that 〈Jˆ2z (t1)〉 = 〈Jˆ2z (T )〉 = Nt/4. Expressing
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FIG. 5. (Color Online) The rotation angle θχ about the Jx axis required for re-phasing after a second application of Uˆχ is the
angle that has the same variance in Jˆz before and after rotation.
the pseudo-spin operators in terms of bosonic creation and annihilation operators, and making the substitution aˆ+ → aˆ
and aˆ− → bˆ for ease of notation gives
Jˆ2z =
1
4
(
aˆ†aˆ†aˆaˆ+ bˆ†bˆ†bˆbˆ+ aˆ†aˆ+ bˆ†bˆ− 2aˆ†aˆbˆ†bˆ
)
(18)
Jˆ2y =
1
4
(
2aˆ†aˆbˆ†bˆ+ aˆ†aˆ+ bˆ†bˆ− aˆ†aˆ†bˆbˆ− bˆ†bˆ†aˆaˆ
)
(19)
JˆzJˆy + JˆyJˆz =
i
2
(
aˆ†aˆaˆbˆ† + aˆ†bˆ†bˆbˆ− aˆbˆ†bˆ†bˆ− aˆ†aˆ†aˆbˆ
)
(20)
In order to evaluate these expressions, we need to calculate terms such as 〈aˆ†aˆ†aˆbˆ〉 with respect to the state
|Ψ(T )〉 = e−|α|2
∞∑
n1=0
∞∑
n2=0
αn1√
n1!
αn2√
n2!
|n1, n2〉e−iΦn1,n2 , (21)
where
Φn1,n2 =
1
2
χT [n1(n1 − 1) + n2(n2 − 1)] , (22)
and α =
√
Nt/2. We will explicitly compute one example, and provide the rest of these operator moments in a table.
〈aˆ†aˆ†aˆbˆ〉 = e−2|α|2
∞∑
m1=0
∞∑
m2=0
∞∑
n1=0
∞∑
n2=0
(α∗)m1(α∗)m2αn1αn2√
m1!m2!n1!n2!
〈m1,m2|aˆ†aˆ†aˆbˆ|n1, n2〉ei(Φm1,m2−Φn1,n2 )
= e−2|α|
2
∞∑
m1=0
∞∑
m2=0
∞∑
n1=1
∞∑
n2=1
(α∗)m1(α∗)m2αn1αn2√
m1!m2!n1!n2!
n1
√
n1 + 1
√
n2〈m1,m2|n1 + 1, n2 − 1〉ei(Φm1,m2−Φn1,n2 )
= e−2|α|
2
∞∑
m1=0
∞∑
m2=0
∞∑
n1=1
∞∑
n2=1
(α∗)m1(α∗)m2αn1αn2√
m1!m2!n1!n2!
n1
√
n1 + 1
√
n2e
i(Φm1,m2−Φn1,n2 )δm1,n1+1δm2,n2−1
= e−2|α|
2
∞∑
m2=0
∞∑
n1=1
(α∗)n1+1(α∗)m2αn1αm2+1√
((n1 + 1)!m2!n1!(m2 + 1)!
n1
√
n1 + 1
√
m2 + 1e
iχT (n1−m2)
= |α|4eiχT e−2|α|2
∞∑
m2=0
∞∑
n1=1
(|α|2eiχT )n1−1
(n1 − 1)!
(|α|2e−iχT )m2
m2!
= |α|4eiχT e−2|α|2e|α|2eiχT e|α|2e−iχT
=
N2t
4
eiχT exp (Nt(cosχT − 1)) . (23)
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The complete set of moments required to calculate 〈Jˆ2z (t1)〉 is
〈aˆ†aˆ〉 = 〈bˆ†bˆ〉 = Nt
2
(24a)
〈aˆ†aˆ†aˆaˆ〉 = 〈bˆ†bˆ†bˆbˆ〉 = N
2
t
4
(24b)
〈aˆ†aˆ†bˆbˆ〉 = 〈aˆaˆbˆ†bˆ†〉 = N
2
t
4
exp [Nt(cos 2χT − 1)] (24c)
〈aˆ†aˆ†aˆbˆ〉 = 〈aˆbˆ†bˆ†bˆ〉 = N
2
t
4
eiχT exp [Nt(cosχT − 1)] (24d)
〈aˆ†aˆaˆbˆ†〉 = 〈aˆ†bˆ†bˆbˆ〉 = N
2
t
4
e−iχT exp [Nt(cosχT − 1)] . (24e)
The solution to 〈Jˆ2z (t1)〉 = 〈Jˆ2z (T )〉 for θχ gives four non-trivial solutions:
θχ = cos
−1(γ) (25a)
θχ = cos
−1(−γ) (25b)
θχ = − cos−1(γ) (25c)
θχ = − cos−1(−γ) , (25d)
where
γ =
〈Jˆ2z (T )〉 − 〈Jˆ2y (T )〉√
〈Jˆ2z (T )〉2 + 〈Jˆ2y (T )〉2 + 〈Jˆz(T )Jˆy(T ) + Jˆy(T )Jˆz(T )〉2 − 2〈Jˆ2z (T )〉〈Jˆ2y (T )〉
=
(
exp(2Nt sin
2 χT )− 1)√(
exp(2Nt sin
2 χT )− 1)2 + 16 sin2 χT exp (2Nt(cosχT − cos 2χT )) . (26)
Of those solutions, the only one that gives better performance than the single loop scheme is Eq. (25d), which is what
was used for both the two-mode and multi-mode pre-twisting calculations.
